JEE ADVANCED AcadXl

MATHEMATICS

SECTION 1 (Maximum Marks: 12)

e This section contains FOUR (04) questions.

e Each question has FOUR options (A), (B), (C) and (D). ONLY ONE of these four options is the
correct answer.

e For each question, choose the option corresponding to the correct answer.

e Answer to each question will be evaluated according to the following marking scheme:
Full Marks :+3  If ONLY the correct option is chosen;
Zero Marks :0 If none of the options is chosen (i.e. the question is unanswered);

Negative Marks  :-1 In all other cases.

1. Let R denote the set of all real numbers. Let a;,b, e R for i{1,2,3}.
Define the function f:R—>R,g:R—>R,and h:R—R by.
f(x)=a; +10x+a,x* +a;x” +x*,
g(x)=b; +3x+b,x* +byx’ +x*,
h(x)=f(x+1)-g(x+2)
If f(x)#g(x) for every xeR, then the coefficient of x* in h(x) is
(A)8 (B) 2 (€) -4 (D) -6
Ans. (C)
Sol.  h(x)=f(x+1)-g(x+2)
a; +10(x+1)+a,(x+1)* +a (x+1)> +(x+1)* —(b1 +3(x+2)+b,(x+2)* +by(x +2)° +(x+2)*
Coefficient of x* =a; +4—(b, +8)
=a;—b, -4
& £(x) #8(x)
a, +10x+a,x> +a;x° +x* #b; +3x+b,yx* +byx® +x*
(a; —bs)x’ +(a, —=b,)x* +7x+a; —b,; #0
As in the question given f(x)# g(x). That means this equation does not have real roots, but a

cubic equation with real coefficient always have at least one real root. To satisfy the given

condition in this question. This should be quadratic with non real roots. So a; —b; =0

Then coefficient of (x)* in h(x) is -4 .
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2. Three students S,,S, and S, are given a problem to solve. Consider the following events.
U : Atleastone S,;,S,, and S; can solve the problem
V:S, can solve the problem, given that neither S, nor S; can solve the problem
WS, can solve the problem and S; cannot solve the problem,
T:S; can solve the problem
For any event E, let P(E) denote the probability of E. If

1 1 1
PU:—,PVZ—, dPW:—/
(U)=3 P(V)=15, and P(W)=1;
then P(T) is equal to
13 1 19 1
A) — B) — C) — D) =
*) 5 ®) 3 ©9 ) .
Ans. (A)
Sol. LetP( Only S;)=x
P(S, U S, U 53)%
c X 5 1
P{S;1(S,US;) )= =0l=>x=—=—
[S:1(8: %))~ 255 *T90 18
1
P(S,1S5)=—
(8:155) =13
p(T)=1 L 1_18-2-3_1
2 18 12 36 36
3. Let R denote the set of all real numbers. Define the function f:R —R by
2—2x2—x25ir11 ifx#0
f(x)= X
2 ifx=0

Then which one of the following statements is TRUE ?
A) The function f is NOT differentiable at x=0
B) There is a positive real number &, such that f is a decreasing function on the interval (0,8)

(
(
(C) For any positive real number §, the function f is NOT an increasing function on the interval
(
(
(

5,0)
D) x=0 is a point of local minima of f
Ans. (C)
2 -2x% —x%sin 1 x#0
Sol.  f(x)= X
2 x=0
f(x)-£(0
limHOM =lim,_ ,— (Zx + xsin(ln =0=f is differentiable at x=0
X X
, —4x — 2xsin(1j + Cos(lj x#0
f'(x)= X X

0 x=0

((0=-2xfz-sin L e[ L) xo0.

Also at x=0,f(x) has a maxima
f'(x) cannot be same sign in (0,8) or (-3,0)

So it cannot be monotonic.
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2 00
4. Consider the matrix P=| 0 2 0 | Let the transpose of a matrix X be denoted by X' . Then the
0 0 3
number of 3x3 invertible matrices Q with integer entries, such that Q'=Q'" and PQ=QP, is
(A) 32 (B) 8 ©) 16 (D) 24
Ans. (C)
2 00
Sol. P=l0 2 O
0 0 3
a b c
Let Q=|d e f
g h i
2a 2b 3c
Now QP =|2d 2e 3f
2g 2h 3i
2a 2b 2c
PQ=(2d 2e 2f
3g 3h 3i
As PQ=QP
By comparing C=0 & g=0 & f=h=0
a b 0
SoQ=|d e O
0 0 i
a b 0
Q=(d e 0
0 0 i
a d o
Q'=|b e 0
0 0 i
If Qfl _QT
Q-Q' =
a b Ojla d 0 1 00
d e O|b e 0|={0 1 0
0 0 i||0O O i 0 01
Then a? +b* =1& ad+be=0
d*+e? =1
i’=1
i=+1 or-1

As a,b,d,e,i are integers then
a’=1&b*=0,d=0,e’ =1
b’ =1&a’=0,e=0,d* =1
Total no. of ways =16
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SECTION 2 (Maximum Marks: 12)

This section contains THREE (03) questions.

e Each question has FOUR options (A), (B), (C) and (D). ONE OR MORE THAN ONE of these four
option(s) is(are) correct answer(s).

e For each question, choose the option(s) corresponding to (all) the correct answer(s).

e Answer to each question will be evaluated according to the following marking scheme:

Full Marks :+4  ONLY if (all) the correct option(s) is(are) chosen;
Partial Marks :+3  If all the four options are correct but ONLY three options are chosen;
Partial Marks :+2  If three or more options are correct but ONLY two options are chosen,

both of which are correct;
Partial Marks :+1  If two or more options are correct but ONLY one option is chosen and
it is a correct option;
Zero Marks :0 If none of the options is chosen (i.e. the question is unanswered);
Negative Marks :-2  Inall other cases.
e For example, in a question, if (A), (B) and (D) are the ONLY three options corresponding to correct
answers, then
choosing ONLY (A), (B) and (D) will get +4 marks;
choosing ONLY (A) and (B) will get +2 marks;
choosing ONLY (A) and (D) will get +2 marks;
choosing ONLY (B) and (D) will get +2 marks;
choosing ONLY (A) will get +1 mark;
choosing ONLY (B) will get +1 mark;
choosing ONLY (D) will get +1 mark;
choosing no option (i.e. the question is unanswered) will get 0 marks; and choosing any other
combination of options will get -2 marks.

5. Let L, be the line intersection of the planes given by the equations 2x+3y +z=4 and x+2y +z
=5. Let L, be the line passing through the point P(2,-1,3) and parallel to L,. Let M denote
the plane given by the equation 2x+y —2z=6. Suppose that the line L, meets the plane M at
the point Q. Let R be the foot of the perpendicular drawn from P to plane M. Then which of
the following statements is (are) TRUE ?

(A) The length of the line segment PQ is 9\/5

(B) The length of the line segment QR is 15

(C) The area of APQR is %\/234

(D) The acute angle between the line segment PQ and PR is COSl(

o
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Ans. (A,C)
Sol.  VectoralongL, = (21 + 3j + 1A<) x (I + 25 + 12)
=i-j+k

x-2 y+1 z-3

Equation of L, : I 1 I

Q=(A+2,-A-1,1+3)
Qlieson M,
2(A+2)+(-2—-1)-2(1+3)=6
=2A+4-1-1-21-6=6
=A=-9

Q=(-7,8,-6)

Let R=(x;,y1,2;)

(x1—2):y1+1:zl—3:_(2><2—1—2><3—6)

=1
2 1 -2 9

x,=4,y,=0,2z=1.

~R=(4,0,1).
PQ=19?+9%+9%> =93
QR =/(-11) + 8% +7% = /234

area of aAPQR = %‘WM@‘ = 2\1234

o | @ +i=20)-(-j+K)
12i+j-2K] [i-j+K]

~0=cos™ (%}

P(2,-1,3)

1

NG

P(2,-1,3)

R(4,01) Q=78.-6)
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6.

Ans.

Sol.

Ans.

Sol.

AcadXl

Let N denote the set of all natural numbers, and Z denote the set of all integers. Consider the

functions f:N—Z and g:Z — N defined by

£(n) (n+1)/2 ifnisodd d g(n) 3+2n ifn>0
nj)= an =
(4-n)/2 ifniseven s\ -2n ifn<0

Define (gof)(n)zg(f(n)) forall neN, and (fog)(n)zf(g(n)) forall neZ.

Then which of the following statements is (are) TRUE?
(A) gof is NOT one-one and gof is NOT onto

(B) fog is NOT one-one but fog is onto

(C) g is one-one and g is onto

(D) f is NOT one-one but f is onto
(AD)

fog (n) 24+n n=0 Also foo: 7 —> 7.
= WAV
°& N 2+n n<0 S0 108
n+4 n= odd.
gog(n)=47-n n=2 Also gof : N> N.

n-4 n= even—{2}.
Clearly gof is not one-one as. gof (n)=>5 for both n=1 and n=2

Also gof is not onto as gof (n)#1. For any value of n .

fog is both one-one and onto.

g(x) can never be equal to one. Hence g(x) is not onto
hence (c) is incorrect

f is many one as for both n=2 and n=1

the outputis1.

f is onto.

Let R denote the set of all real numbers. Let z, =1+2i and z, =3i be two complex numbers,

where i=+-1.Let S ={(x,y) eRxR:[x+iy —z,|=2[x +iy —z,|}.
Then which of the following statements is (are) TRUE?

(A) S is a circle with centre (%,%j (B) S is a circle with centre [%,g}
(C) Sis a circle with radius % (D) S is a circle with radius ¥
(AD)

S represents the curve

Z7%1|_2 which is a circle

zZ—27,

centre of circle = (%,Ej

3
2z, —
radius of circle = M
2 -1

_22
3
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SECTION 3 (Maximum Marks: 24)
¢ This section contains SIX (06) questions.

e The answer to each question isa NUMERICAL VALUE.

e For each question, enter the correct numerical value of the answer using the mouse and the
onscreen virtual numeric keypad in the place designated to enter the answer. If the numerical
value has more than two decimal places, truncate/roundoff the value to TWO decimal places.

e Answer to each question will be evaluated according to the following marking scheme:

Full Marks : +4 ONLY if the correct numerical value is entered;
Zero Marks : 0 In all other cases.

8. Let the set of all relations R on the set {a,b,c,d,e,f} ,such that R is reflexive and symmetric,

and R contains exactly 10 elements, be denoted by § is
Then the number of elementsin S is.
Ans. 105

Sol. "R is reflexive it must contain ( a,a,(b,b),(c,c),(d,d),(e,e) and (£,f) i.e. 6 elements-
+R is also symmetric so it contains elements of form (x,y) and (y,x).
"~ R contains exactly 10 elements-
so it must contain 4 elements of form (a;,b; )(b;,a,)&(a,,b,),(b,,a,).
So No. of elements in S = No. of ways we can form 2 ordered pairs (a,, b, ),(a,, b,).
=%¢,x3+%c, x3
=105

9. For any two points M and N in the X Y -plane, let MN , denote the vector from M to N, and 0
denote the zero vector. Let P,Q and R be three distinct points in the XY -plane. Let S be a point
inside the triangle APQR such that
SP+55Q+6SR =0
Let E and F be the mid-points of the sides PR and QR, respectively. Then the value of

length of the line segment EF

length of the line segment ES

is.

Ans. 1.2
Sol. With R asoriginlet p.v of P and Q be p & g respectively.
R{origin)
E F
P() Q)
Now =P >q
12
g 9P g_P+5d4_P_5(d-P)
12 2 12
Hence L 12 =
S 5x2
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10.

Ans.

Sol.

11.

Ans.

Sol.

Let S be the set of all seven-digit numbers that can be formed using the digits 0,1 and 2 . For
example, 2210222 is in S, but 0210222 is NOT in S. Then the number of elements x in S such
that at least one of the digits 0 and 1 appears exactly twice in x, is equal to.

762

A, :0 appears twice

A, :1 appears twice
n(A,)=°"C,.2° =480

OO R

n(A)
°C,.2° + °C,.2% =432
! !
n(Ag AA, )= 7' 6! _720x7 720
21.21.31 213! 24 12
=210-60 =150

Hence n(A, UA,)=480+432-150=762

R
X3

Let o and B be the real numbers such thatlim, _,,

o 1
[Ejoﬁdt +[3xcosxj =2

Then the value of o+ is.

1.2
EIX dt + Bxcosx
, 2%1-¢
lim, 3 =2
X
o .
———— —Bxsinx + Bcosx
o 2(1-) ; j
=lim W =2
o 2 .
. —+B(1—x )(cosx—xsmx)
=lim_,, 3l (1—x2) =2.
a 2 g 2
| [2+[3(1—x )(1——x ...... ]
=lim . (1—x2) =2
[G+Bj_5ﬁx2_
=lim, 2 2 =2
3x2(1—x2)
So, a=-2f & B:_g & OL=%

a+Pp=6/5=1.2
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12. Let R denote the set of all real numbers. Let f: R — R be a function such that f (x) >0 forall
xeR,and f(x+y) :f(x)f(y) forall x,yeR.
Let the real numbers a,,a,,...,as, be in an arithmetic progression. If f(a,, ) =64f(a,; ), and

Zf =3(2% +1) then the value of Zf

Ans. 96 e
Sol. f(x+y):f(x)f(y)
=f(a+d)=£f(a)f(d). f(a+2d)=f ( a).(f(d))?
Hence f(a+(r—1)d)=f(a)-(f(d))""

Now

f(a ) =64f(ay)
:>f(a1) (f(d))30 —64-f(a,)- (F(d))* = (F(d))* =64 = f(d) =2( as £(d)>0)

Also Zf (1+f(d) (f(d))2+‘+(f(d))49)
(225+1) )(250 1)
:>f( ) m

Now f(aq)+f(a;)+ +f(ay)
=f(a,)-2°{1+2+2> +...2%}
3

:m.25.(225—1):96

13.  Forall x>0, let y;(x),y,(x), and y;(x) be the functions satisfying

dy, . dy 1 dy, (2-x° 3
d—Xl—(smx)zyle, y.1(1)=5 dx2 —(cosx)’y, =0, yz(l):g,d—x?’—( > y, =0, y3(1)=§

Y1 (X¥)ya () ys(x)+2

e>sinx

respectively. Then lim_

Ans. 2
Sol. fﬂ = [ sin®xdx

y
In _E_sinZX
Y=y

In5 — 1 3 sin2x N
2

4
(x sin2xj
s +oq
2 4

Y1 =e
X sin2x
+——+

- is equal to.

y,=e* ¢

Iny, =I(%—1jdx
X

=2 —X+Cy

{ e
X :

y;=¢

C2

1

o 3]
. e1TTs e +2x
lim o
x—0" e’ sinx
)
2
.o keet X4+ 2x 2x 2
hn} 3x : =7, 3xsinx :_:2
x—0 e’’sinx lime 1
x—0"
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SECTION 4 (Maximum Marks: 12)
e This section contains THREE (03) Matching List Sets.

e Each set has ONE Multiple Choice Question.
e Each set has TWO lists: List-I and List-II.
e List-I has Four entries (P), (Q), (R) and (S) and List-II has Five entries (1), (2), (3), (4) and (5).

e FOUR options are given in each Multiple Choice Question based on List-I and List-II and
ONLY ONE of these four options satisfies the condition asked in the Multiple Choice
Question.

¢ Answer to each question will be evaluated according to the following marking scheme:

Full Marks : +4 ONLY if the option corresponding to the correct combination is chosen;
Zero Marks : 0 If none of the options is chosen (i.e. the question is unanswered);
Negative Marks : -1 In all other cases.

14. Consider the following frequency distribution :

Value 4 |5 |8 |9 |6 |12 |11

Frequency |5 |F |F |2 |1 |1 3

Suppose that the sum of the frequencies is 19 and the median of this frequency distribution is 6 .

For the given frequency distribution, let o denote the mean deviation about the mean,  denote

the mean deviation about the median, and c* denote the variance.

Match each entry in List-I to the correct entry in List-II and choose the correct option.

List-I List-II
(P) 7f, +91, is equal to (1) 146
(Q) 19a is equal to (2) 47
(R) 198 is equal to (3) 48
(S) 1957 is equal to (4) 145
(5) 55
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Ans. (C)
Sol.  Sum of frequencies =12 +f, +f, =19
f,+f,=7
median to 10™ term i.e. '
f,=4;£, =3
(P) 7f, +9f, =7x4+9x3=28+27 =55
Q)
X Frequency X; = Xp| £lx; =X
4 5 3 15
5 4 2 8
6 1 1 1
8 3 1 3
9 2 2 4
11 3 4 12
12 1 5 5
48
4x5+5x4+6x1+8x3+9x2+11x3+12x1
Mean = =7
19
48
o=—
19
190 =48
(R) mean deviation about mean
xi | Frequency | |x—xu| | f]x—xy
4 5 2 10
5 4 1 4
6 1 0 0
8 3 2 6
9 2 3 6
11 | 3 5 15
12 | 1 6 6
47
47
=— So 19 =47
B=15 p
2
©S) & z%_gy _146
2t 19
196” =146
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15.

Ans.

Sol.

less than or equal to x . Let n denote a natural number.

Match each entry in List - I to the correct entry in List - II and choose the correct option.

List-1
(P) The minimum value of n for which the

| 10x° - 45x% +60x + 35 i
n

function f(x)

continuous on the interval [1,2], is

(Q) The minimum value of n for

which g(x)=(2n*-13n-15)(x° +3x),
x € R, is an increasing function on R, is
(R) The smallest natural number n
Which is greater than 5, such that

x =3 is a point of local minima of
h(x)= (x2 —9)n (x2 +2x +3) ,is

(S) Number of x, € R such that

x—-k+—

1
2 7

L(x)= Zﬁ=0{sin|x —K|+ cos

x e R, is NOT differentiable at x,, is

(A)(P) = (1)(Q)~(3)(R)>(2)(S) > (5)
(B)(P) > (2)(Q) > (1)(R) —>(4)(S) > (3)
(C)(P) = (5)(Q)~>(1)(R)—(4)(S) > (3)
(D)(P)—(2)(Q) = (3)(R) =>(1)(S) > (5)
(B)

(P) let

¢(x)=10x> — 45x> +60x + 35
¢'(x) =30x> —90x +60 = 30(x* —3x+2)

Range of ¢(x) will be [¢(2),¢(1)}
$(2)=80-180+120+35=55

$(1) =10 - 45+ 60 +35= 60

range [55, 60]

n,.., =9 for which this is a continuous

Pm—> )

(Q g'(x)=(2n"-13n-15)(3x* +3)
for this 2n* —13n-15>0

n,., =8
Q—(1)

List-I1

(1) 8

AcadXl

Let R denote the set of all real numbers. For a real number x, let [x] denote the greatest integer
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16.

Ans.

Sol.

R®) h'(x)=n(x*~9)"" (x*+2x+3)+(x* ~9)" (2x+2)

For minima x=3

2 _g\"! 2
=(x —9) [n(x +2x+3)+2x+2]
always Positive around 3

n—1 must be odd = n must be even.

N in =6
R— (4)
(S) l(x)=sin|x—4|+sin|x—3|+sin|x—2|+sin|x—1|
. 1 1 7
+s1n|x|+cos(x+—j+cos X —=|+...cos x——‘
2 2 2

Is non differentiable at 0,1,2,3,4.
() points
(S) —»3

Let w=1+ 7-2k,,and u and v be two vectors, such that uxv=w and vxw=1u. Let o,B,y,

and t be real numbers such that

u=ai+Bj+yk, —ta+p+y=0, a—tB+y=0,,and a+B—ty=0.

Match each entry in List-I to the correct entry in List-II and choose the correct option.

List-I List - II

P) |v|* is equal to (

Q) If a.=+/3, theniis y? equal to ()

R) If o.=+/3, then (B+7)? is equal to 3)
(4)
)

o~ o~ o~ o~

S) If a=+/2, then t+3 is equal to

A) (P)=(2)(Q) = (1)(R)—>(4)(S)—(5)
(B) (P)—(2)(Q)—(4)(R)—>(3)(S)—>(5)
Q©Q® -2 Q —@1)K) - @) —06)
(D) (P)=>(5)(Q)—~(4)(R)~>(1)(S)~>(3)
(Bonus)

w=u+j-2k
uxv=w&vxw=1u
Note that u,v,w are mutually perpendicular vector

Hence |ﬁ|‘\7‘=«/€ & \/§‘V|=|ﬁ‘

(V) -i=td=v[=1

data inconsistent, so question should be given Bonus.
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